The effective field theory for collective rotations of triaxially deformed nuclei is generalized to odd-mass nuclei by including the angular momentum of the valence nucleon as an additional degree of freedom. The Hamiltonian is constructed up to next-to-leading order within the effective field theory formalism. The applicability of this Hamiltonian is examined by describing the wobbling bands observed in the lutetium isotopes 161,163,165,167 Lu. It is found that by taking into account the next-to-leading order corrections, quartic in the rotor angular momentum, the wobbling energies E wob and spin-rotational frequency relations ω(I) are better described than with the leading order
I. INTRODUCTION
In Refs. [1, 2] , an effective field theory (EFT) has been established to describe the rotational and vibrational motions of triaxially deformed even-even nuclei. The applicability of the EFT Hamiltonian at leading order (LO) and next-to-leading order (NLO) has been verified through a satisfactory description of the energy spectra of ground state bands, γ-bands, and K = 4 bands in the ruthenium isotopes 102−112 Ru.
EFT is an approach based on symmetry principles alone, and it exploits the separation of scales for the systematic construction of the Hamiltonian supplemented by a power counting.
In this way, an increase in the number of parameters (i.e., low-energy constants that need to be adjusted to data) goes hand in hand with an increase in precision and thereby counter balances the partial loss of predictive power. Moreover, EFT often exhibits an impressive efficiency as highlighted by analytical results and economical means of calculations. In recent decades, chiral effective field theory has enjoyed considerable success in low-energy hadronic and nuclear structure physics. Pertinent examples include the descriptions of the nuclear forces [3] [4] [5] , halo nuclei [6] [7] [8] , and few-body systems [9] [10] [11] [12] .
Papenbrock and collaborators have presented a series of works on an EFT for axially deformed nuclei with the aim to investigate their rotational and vibrational excitations [13] [14] [15] [16] [17] [18] [19] [20] . As mentioned at the beginning, we have extended this framework to triaxially deformed even-even nuclei [1, 2] . In the present work, we will further generalize the EFT to odd-mass nuclei with the aim to investigate their characteristic wobbling motion.
The wobbling motion, first proposed by Bohr and Mottelson in the 1970s [21] , can occur only in a triaxially deformed nucleus and hence becomes a unique fingerprint of the triaxial nuclear shape. It manifests itself as an irregular precession of the rotational axis around the axis with the largest moment of inertia (MoI). The energy spectra related to this collective mode are called wobbling bands, which consist of sequences of ∆I = 2 rotational bands built on different wobbling-phonon excitations [21] .
For an odd-mass nucleus, the presence of the extra valence nucleon will affect the wobbling mode. Depending on the relative orientation between the quasi-particle angular momentum j and the (intermediate) axis of the rotor with the largest MoI, two kinds of wobbling motion have been proposed by Frauendorf and Dönau [22] . If j is aligned parallel, one speaks of longitudinal wobbling, where the wobbling energy increases with the spin I. If the alignment is perpendicular, this mode is called transverse wobbling, and the corresponding wobbling energy decreases with the spin I.
Transverse wobbling bands have been reported in the mass region A ≈ 160 for the isotopes 161 Lu [23] , 163 Lu [24, 25] , 165 Lu [26] , 167 Lu [27] , and 167 Ta [28] , in the mass region A ≈ 130 for 135 Pr [29, 30] , and in the mass region A ≈ 100 for 105 Pd [31] . In this list, 105 Pd represents the first odd-neutron nucleus for which (transverse) wobbling has been observed. In addition, transverse wobbling bands based on a two-quasiparticle configuration have been reported and studied for the even-even nucleus 130 Ba [32, 33] . On the other hand, longitudinal wobbling bands are rare and have been observed up to now only in the isotopes 133 La [34] and 187 Au [35] .
In this paper, we will first extend the EFT description of the collective rotational motion of odd-mass nuclei by including the angular momentum of the valence nucleon as a relevant degree of freedom. The obtained Hamiltonian at NLO is applied to describe the wobbling bands in the lutetium isotopes 161, 163, 165, 167 Lu. We also consider the corresponding inter-band and intra-band electromagnetic transitions.
II. THEORETICAL FRAMEWORK
In this section, the procedure of constructing the effective Lagrangian and Hamiltonian for collective rotations of triaxially deformed odd-mass nuclei is outlined. It follows similar steps as in the case of collective rotations of even-even triaxially deformed nuclei investigated in Refs. [1, 2] .
A. Dynamical variables
In an EFT, the symmetry is typically realized nonlinearly, and the Nambu-Goldstone fields parametrize the coset space G/H, where G is the symmetry group of the Hamiltonian, and H, the symmetry group of the ground state, is a proper subgroup of G [36, 37] . The effective Lagrangian is built from those invariants that can be constructed from the fields in the coset space. A triaxial nucleus is invariant under D 2 = Z 2 × Z 2 (generated by rotations about the body-fixed axes with an angle π), while SO(3) symmetry is broken by the deformation. Hence, the Nambu-Goldstone modes lie on the three-dimensional coset space SO(3)/D 2 [1, 2] .
We write the Nambu-Goldstone fields in the body-fixed frame, where the three generators of infinitesimal rotations about the body-fixed 1, 2, and 3-axes are J 1 , J 2 , and J 3 . The modes depend on three time-dependent Euler angles α(t), β(t), and γ(t) that parametrize the unitary transformations U(α, β, γ) related to SO(3) rotations in the following way:
Note that the purely time-dependent variables α(t), β(t), and γ(t) correspond to the zero modes of the system. They parametrize rotations of the deformed nucleus and upon quantization they generate the rotational bands. Apparently, one is dealing here with a field theory in zero space-dimensions, i.e., ordinary quantum mechanics.
The underlying power counting is specified by
where the small parameter ξ denotes the energy scale of the rotational motion and the dot refers to a time derivative.
B. Building blocks
The effective Lagrangian is built from invariants. These are constructed from the components a 1
C. Effective Lagrangian
Using the above building blocks, we have constructed in Ref. [1] the effective Lagrangian for the collective rotational motion of triaxially deformed even-even nuclei at LO (up to ξ 2 )
and at NLO (up to ξ 4 )
with J k (k = 1 . . . 3) and M k (k = 1 . . . 6) the parameters of moments of inertia to be determined from experimental data.
For an odd-mass nucleus, the extra degrees of freedom provided by the valence nucleon must be included in the Lagrangian. Similar to Ref. [13] , we couple the angular momentum component j k of valence nucleon to the Nambu-Goldstone modes a k t as
which has the form of a Coriolis interaction [21, 39] .
Hence, the corresponding LO and NLO Lagrangians for collective rotation of odd-mass nuclei can be written as
Next, the corresponding Hamiltonians will be derived from these Lagrangians.
D. Effective Hamiltonian
We first derive the effective Hamiltonian at LO. From the LO Lagrangian L eo LO , one obtains the canonical momenta as:
Obviously, by dropping j k in a k t J k + j k , one gets back the canonical momenta in the case of an even-even nucleus written in Eqs. (8)-(10) of Ref. [1] .
Using a Legendre transformation, the Hamiltonian is obtained as
Note that the expressions in the round brackets are the three components of the total angular momentum I 1 , I 2 , and I 3 with respect to the body-fixed frame [39] ,
Consequently, the Hamiltonian at LO reads
and this formula represents the Hamiltonian of a triaxial rotor with angular momentum
Obviously, the rotor and quasi-particle angular momenta are coupled to the total angular momentum by I = R + j.
Following a similar procedure, one derives the effective Hamiltonian at NLO as
Note that the last three terms have been written as anticommutators to guarantee a hermitean Hamiltonian. Again, by dropping the j k one recovers the NLO effective Hamiltonian of the even-even rotor given in Eq. (36) of Ref. [1] .
At this point, one needs also a Hamiltonian that describes the motion of the valence nucleon. Since it cannot be derived from the EFT concept based on Nambu-Goldstone modes, we borrow it from the phenomenologically successful Nilsson model in the form of a single-j shell Hamiltonian [21, 39] 
with γ 2 the triaxial deformation parameter. The coupling parameter C is related to the axial deformation parameter β 2 by [40]
with N the oscillator quantum number of the major shell embedding the single-j shell, and
A the mass number.
With this completion, the total rotational Hamiltonian for odd-mass nuclei reads
Note that H LO is nothing but the renowned particle-rotor model Hamiltonian [21, 39] .
E. Solutions of the rotational Hamiltonian
The Hamiltonian can be solved by diagonalization in a complete basis. Here, we adopt the so-called weak-coupling basis [21, 39, 41, 42] 
where I denotes the total angular momentum quantum number of the odd- Making use of Wigner-functions, the rotational wave functions of the particle and the rotor in Eq. (25) can be written as
where Ω is the quantum number related to the 3-axis component of the particle angular momentum j in the intrinsic frame. Furthermore, K R is an even integer ranging from 0 to R, where K R = 0 is excluded for odd R. Both restrictions on K R come from the D 2 symmetry of a triaxial nucleus [21] . Note that for an axially symmetric nucleus, R can take only even integer values since K R must be zero.
The matrix elements of the collective rotor Hamiltonian can now be calculated easily as
where the eigenenergies E Ri and corresponding coefficients c Ri K R (i labels the different eigenstates) of the eigenvectors are obtained by diagonalizing the collective rotor Hamiltonian H eo LO/NLO in the basis |RM R K R introduced in Eq. (27):
F. Electromagnetic transitions
In general, the electromagnetic transition probability is calculated as [21, 39] B(σλ, I ′ → I)
where M(σλ, µ) is the electromagnetic transition operator of multi-polarity σλ, and M = M ′ + µ.
In the present work, the rotational wave function |IM is expanded in the weak-coupling basis (25) as
with d m,R,K R = c R,K R jmRM R |IM . Therefore, the electromagnetic transition probability can be rewritten as
For an E2 transition, the corresponding operator is
with the quadrupole moments in the laboratory frame
obtained by a rotation from the quadrupole moments in the principal axis frame
Here, Q 0 = (3/ √ 5π)R 2 0 Zβ 2 is the intrinsic quadrupole moment, with R 0 = 1.2A 1/3 the nuclear radius, and Z the charge number. Since m ′ = m is required in Eq. (33) for E2 transition, one gets
For a M1 transition, the operator M(M1, µ) is composed of the particle and rotor angular momenta in the laboratory frame
where g p and g R are the g-factors of particle and rotor. Note that since transition matrix elements ofÎ µ vanish, the first term can be dropped. In the second term,ĵ µ with µ = 0, ±1 denotes the spherical components of the particle angular momentum,
Now, one has in Eq. (33) the conditions R ′ = R, M ′ R = M R , and K ′ R = K R , and therefore the M1 transition probability simplifies to
III. RESULTS AND DISCUSSION
In the calculations, the moment of inertia parameters J k and M k appearing in the LO and NLO Hamiltonian are fitted to the data. The deformation parameters for the single-j shell Hamiltonian (21) are taken from Ref. [24] as β 2 = 0.40 and γ 2 = 20 • .
A. Wobbling bands in 163 Lu
In Fig. 1 , the energy differences with respect to the yrast band (called wobbling energies E wob ) of the first and second wobbling bands in 163 Lu as calculated in the EFT at LO and NLO are shown in comparison to the experimental data [24, 25] . In Fig. 2 In fit (II), we have further included the wobbling energies of the second wobbling band to determine the parameters J k and M k . In this case, the description of the second wobbling band gets much improved. In particular, the calculated wobbling energies of the second wobbling band decrease with spin I. However, the wobbling energy of the first wobbling band is underestimated about 0.1 MeV in the low spin region. To address the problem appearing in fit (II), we have enlarged in the total χ 2 the weight of the first wobbling band by a factor 10. This fitting strategy (III) can indeed improve the description of the first wobbling band as shown in Fig. 1 . However, the wobbling energies of the second wobbling band are overestimated again in the low spin region.
In fitting strategy (IV), we take the full data collection as in fitting strategy (II), but keep fixed the LO parameters J k when performing the fit of M k at NLO. As can be seen, the description of the wobbling energies does not change much. However, as shown in Fig. 2, the agreement for the spin-rotational frequency relationships of the yrast band becomes a bit worse. In order to reproduce qualitatively the experimental values of B(M1) out /B(E2) in , we have quenched the relevant g-factor (g p − g R ) in Eq. (38) by a factor 0.25. According to
Ref. [43] , such a quenching factor allows to take into account effects of the scissor mode, which mixes with the wobbling mode and could reduce the B(M1) out by a factor of 3-20.
IV. SUMMARY
The effective field theory for the collective motion of triaxially deformed nuclei has been generalized to odd-mass nuclei by including the angular momentum of the valence nucleon as an additional degree of freedom. The Hamiltonian has been constructed up to next-to-leading order, where it goes beyond the particle-rotor model by quartic terms. We have examined its applicability by calculating the wobbling bands in the lutetium isotopes 161, 163, 165, 167 Lu. It is found that by taking into account the NLO order corrections, the exper- imental wobbling energies and spin-rotational frequency relations are better described than at LO Hamiltonian, which points to the relevance of the higher-order terms in the NLO Hamiltonian. At the same time, the electromagnetic transition strengths for inter-band and intra-band transitions are well described.
Next, we will further generalize the EFT by including the coupling of a proton and a neutron to the rotor and apply it to investigate chiral doublet bands [44] .
